Abstract. On a compact symplectic manifold (X, ω) with a prequantum line bundle (L, ∇, h), we consider the one-parameter family of ω-compatible complex structures which converges to the real polarization coming from the Lagrangian torus fibration. There are several researches which show that the holomorphic sections of the line bundle localize at Bohr-Sommerfeld fibers. In this article we consider the one-parameter family of the Riemannian metrics on the frame bundle of L determined by the complex structures and ∇, h, and we can see that their diameters diverge. If we fix a base point in some fibers of the Lagrangian fibration we can show that they measured Gromov-Hausdorff converge to some pointed metric measure spaces with the isometric S 1 -actions, which may depend on the choice of the base point. We observe that the properties of the S 1 -actions on the limit spaces actually depend on whether the base point is in the Bohr-Sommerfeld fibers or not.
Introduction
In this article we introduce a new approach to the geometric quantization from the viewpoint of the convergence of the Riemannian manifolds with respect to the measured Gromov-Hausdorff topology. On a compact symplectic manifold (X, ω) of dimension 2n, a prequantum line bundle (L, ∇, h) is a triple of a complex line bundle L, hermitian metric h and connection ∇ preserving h with curvature form F ∇ = − √ −1ω. By considering the following geometric structures compatible with ω, we can equip L with the finite dimensional vector subspace consisting of the special sections of L. The first one is an ω-compatible complex structure J, then denote by
the space of all of the holomorphic sections of L. The second one is a Lagrangian fibration µ : X → Y , where Y is a smooth manifold, all of the points in Y are regular values of µ, and all fibers are compact and connected. Then put V µ := y∈Y H 0 µ −1 (y), L| µ −1 (y) , ∇| µ −1 (y) , H 0 µ −1 (y), L| µ −1 (y) , ∇| µ −1 (y) := s ∈ C ∞ (L| µ −1 (y) ); ∇| µ −1 (y) s ≡ 0 .
µ −1 (y) is called a Bohr-Sommerfeld fiber if L| µ −1 (y) has nontrivial parallel sections. Tyurin showed in [14, Proposition 3.2 ] that if X is compact then there are at most finitely many Bohr-Sommerfeld fibers, accordingly, dim V µ is finite.
In many examples of symplectic manifolds with some complex structures and Lagrangian fibrations, it is observed that dim V µ = dim H 0 (X J , L), which can be interpreted as the localization of the Riemann-Roch index to the Bohr-Sommerfeld fibers, and discussed in [1] [7] [12] . Moreover, on smooth toric varieties, Baier, Florentino, Mourão and Nunes have constructed a one parameter family of the pairs of the complex structures and the basis of the spaces of holomorphic sections of L, then showed that the holomorphic sections localize on the Bohr-Sommerfeld fibers in [3] . The similar phenomena were observed in the case of the abelian varieties in [4] and the flag varieties in [9] . In these examples, the family of complex structures and holomorphic sections are described concretely.
In the context of the geometric quantization, the ω-compatible complex structures and Lagrangian fibrations are treated uniformly by using the notion of polarizations. The one-parameter families of complex structures given in the above papers are taken such that the Kähler polarizations corresponding to them converge to the real polarization corresponding to the Lagrangian fibration.
Recently, Yoshida showed the localization of holomorphic sections of prequantum line bundle to the Bohr-Sommerfeld fiber if X admits a Lagrangian fibration with a complete base in [17] , where the family of complex structures are taken such that it converges to the real polarization corresponding to the Lagrangian fibration.
In this article, we also study the behavior of holomorphic sections of L where the family of complex structures converges to the real polarization from the view of the point of the measured Gromov-Hausdorff convergence. Fix an ω-compatible complex structure J. Then H 0 (X J , L) can be identified with the eigenspace of a Laplace operator as follows. Put S := {u ∈ L; h(u, u) = 1} ⊂ L be the orthogonal frame bundle of (L, h), then there is the standard identification
where ρ : S 1 → GL(C) is the 1-dimensional unitary representation of S 1 defined by ρ(e for any f ∈ C ∞ (S), ξ ∈ C and u ∈ S. The connection ∇ gives the connection 1-form on S and the decomposition of T S into the horizontal and vertical subspaces. Then we have the Riemannian metricĝ on S which respects the connection form and the Kähler metric g J := ω(·, J·). The precise definition ofĝ is given by Section 3. Denote by ∆ĝ the Laplace operator ofĝ. Since S 1 acts on (S,ĝ) isometrically, the C-linear extension of ∆ĝ gives the operator acting on (C ∞ (S) ⊗ C) ρ . In [10] the author showed that H 0 (X J , L) is identified with the eigenspace of ∆ĝ : (C ∞ (S) ⊗ C) ρ → (C ∞ (S) ⊗ C) ρ associate with the eigenvalue n + 1. Now, we suppose that a one-parameter family of the ω-compatible complex structures {J s } s>0 on X is given, then we consider the one-parameter family of the operators
In [10] , the author showed that if {(S,ĝ s )} s converges to some metric measure spaces as s → 0 under the asymptotically S 1 -equivariant measured Gromov-Hausdorff topology, then the spectral convergence of {∆ĝ s } s holds even if the limit spaces do not admit the complex structures. Therefore, there should be the significant relation between the convergence of principal bundle S with the connection metricĝ s and the convergence of holomorphic sections with respect to J s . This article focus on the convergence of (S,ĝ s , p) as s → 0 in the sense of the pointed asymptotically S 1 -equivariant measured Gromov-Hausdorff topology and we study the metric measure spaces appearing as the limit. Now we explain the main result of this article. Let (X, ω) be a symplectic manifold of dimension 2n, which is not necessarily to be compact, (L, ∇, h) be a prequantum line bundle and {J s } 0<s≤1 be a smooth family of ω-compatible complex structures. Assume that there is a smooth map µ : X → Y , where Y is an n-dimensional smooth manifold, and for any regular values y of µ, µ −1 (y) is a compact connected Lagrangian submanifold. Fix a regular value y. We assume that {J s } 0<s≤1 converges to the real polarizations induced by µ near µ −1 (y) as s → 0, there is a constant κ ∈ R such that Ric g Js ≥ κg Js for all s. We also suppose additional assumptions which are precisely described in ♠ of Section 7.2. Let g m,∞ and µ ∞ be a Riemannian metric and a measure on R n × S 1 defined by
where m is a positive integer, y = (y 1 , . . . , y n ) ∈ R n and e √ −1t ∈ S 1 . We define the isometric S 1 -action on (R n ×S 1 , g m,∞ , µ ∞ ) by (y, e Theorem 1.1. Let m be a positive integer and u ∈ S| µ −1 (y) . Assume that µ −1 (y) is a Bohr-Sommerfeld fiber of L ⊗m and not a Bohr-Sommerfeld fiber of L ⊗m ′ for any 0 < m ′ < m. Then for some positive constant K > 0, the family of pointed metric measure spaces with the isometric S 1 -action
as s → 0 in the sense of the pointed asymptotically S 1 -equivariant measured Gromov-Hausdorff topology. Theorem 1.2. Let u ∈ S| µ −1 (y) and assume that µ −1 (y) is not a BohrSommerfeld fiber of L ⊗m for any positive integer m. Then {(S,ĝ s ,
n , u)} s converges to (R n , t dy · dy, dy 1 · · · dy n , 0) as s → 0 in the sense of the pointed asymptotically S 1 -equivariant measured Gromov-Hausdorff topology. Here, the S 1 -action on R n is trivial. Now let S ∞ be the metric measure space appears as the limit in Theorem 1.1 or Theorem 1.2 and denote by ∆ ∞ its Laplacian. Denote by W (n + 1) the eigenspace of
associate with the eigenvalue n + 1. This article is organized as follows. First of all, we explain how to identify the holomorphic sections of L on (X, J) with the eigenfunctions on the frame bundle S equipped with the connection metric in Section 2 and 3. In Section 4, we review the definition of Bohr-Sommerfeld fibers for the pairs of symplectic manifolds and prequantum line bundles. In Section 5, we review the notion of Polarizations, which enables us to treat the ω-compatible complex structures and the Lagrangian fibrations. In Section 6 we explain the notion of the pointed asymptotically S 1 -equivariant measured GromovHausdorff convergence. This notion is the special case of [8] . These sections are the preparations for the main argument. In Section 7, we show the pointed asymptotically S 1 -equivariant measured Gromov-Hausdorff convergence near the Bohr-Sommerfeld fibers. First of all we obtain the local description of the connection metricĝ s on S, then discuss the condition equivalent to the existence of the lower bound of the Ricci curvatures. Then we show the convergence ofĝ s to g m,∞ as s → 0. In Section 9 we consider the limit ofĝ s near the non Bohr-Sommerfeld fibers, then show that the S 1 -action on the limit space is trivial. In Section 8, we study the spectral structure of the Laplacian of the metric measure spaces appearing as the limit ofĝ s .
Holomorphic line bundles
Let (X, J, ω) be a compact Kähler manifold. We write X = X J when we regard X as a complex manifold. Let π E : E → X J be a holomorphic line bundle over X J . Suppose h is a hermitian metric on E and ∇ : Γ(E) → Ω 1 (E) is the Chern connection. Under the decomposition Ω 1 = Ω 1,0 ⊕ Ω 0,1 , we have the decomposition ∇ = ∇ 1,0 + ∇ 0,1 . Let ∇ * , (∇ 1,0 ) * , (∇ 0,1 ) * are the formal adjoint of ∇, ∇ 1,0 , ∇ 0,1 , respectively.
Let F ∈ √ −1Ω 1,1 (X J ) be the curvature form. By [10, Section 10] we have
Let L → X J be a holomorphic line bundle such that ω ∈ 2πc 1 (L), and put E = L k . Then there exists the unique hermitian metric h on L up to constant multiplication such that F = −k √ −1ω, then
Since X is compact, we can see
3. Holomorphic sections on line bundles and eigenfunctions on frame bundle
Let (X, ω) be a connected symplectic manifold of dimension 2n and (π : L → X, ∇, h) be a prequantum line bundle over (X, ω), that is, a complex line bundle with a hermitian metric h a connection ∇ preserving h whose curvature form is equal to − √ −1ω. The complex structure J on X is ω-compatible if ω(J·, J·) = ω holds and
Since ω is of type (1, 1), ∇ determines a holomorphic structure on L, consequently ∇ is the Chern connection determined by h and J.
By the previous section we have
which is a principal S 1 -bundle over X equipped with the S 1 -connection √ −1Γ ∈ Ω 1 (S, √ −1R) corresponding to ∇. The S 1 -connection induces the following decomposition Now we can recover L by S as the associate bundle as follows. Let
where the action of
By applying the argument in the previous section for E = L k we have 
On some open set U ⊂ X, suppose that L| U is trivial as C ∞ complex bundles, then there exists a global smooth section
one can obtain the following identification as Riemannian manifolds with isometric S 1 -action;
Let (π : L → X, ∇) be a prequantum line bundle over a symplectic manifold (X, ω). A Lagrangian fibration over (X, ω) is a smooth map µ : X → B, where B is a smooth manifold of dimension 
Polarizations
In this section we review the notion of polarizations in the sense of [16] to treat complex structures and Lagrangian fibrations uniformly.
Let V R be a real vector space of dimension 2n with symplectic form α ∈ 2 V * and put V = V R ⊗ C. Then α extends C-linearly to a complex symplectic form on V . A Lagrangian subspace W of V is a complex vector subspace of V such that dim C W = n and α(u, v) = 0 for all u, v ∈ W . Put Lag(V, α) := {W ⊂ V ; W is a Lagrangian subspace} , which is a submanifold of Grassmannian Gr(n, V ).
For a symplectic manifold (X, ω), put
This is a fiber bundle over X, and a section P of Lag ω is a subbundle of T X ⊗ C. P is said to be integrable if
holds for any open set U ⊂ X, and we call such P a polarization of X. In this article we consider the following two types of polarizations.
Kähler polarizations. Let J be an ω-compatible complex structure. The subbundle
Real polarizations. Let Y be a smooth manifold of dimension n, µ : X → Y be a smooth map such that all b ∈ µ(X) are regular values and µ −1 (b) are Lagrangian submanifolds. Then
Define l : Lag(V, α) → {0, 1, . . . , n} by l(W ) := dim C (W ∩ W ). Then for any Kähler polarization P J we have l((P J ) x ) = 0, and for any real polarization P µ we have l((P µ ) x ) = n.
Conversely, for a polarization P such that l(P x ) = 0 for all x ∈ X, there is a unique complex structure J such that ω(J·, J·) = ω and P = T 1,0 J X. For a polarization P such that l(P x ) = n for all x ∈ X, we obtain the Lagrangian foliation.
Next we observe the local structure of Lag(V, α). For W ∈ Lag(V, α), we can take a basis {w 1 , . . . , w n } ⊂ W and vectors u 1 , . . . , u n ∈ V such that {w 1 , . . . , w n , u 1 , . . . , u n } is a basis of V and
hold. Put W ′ := span C {u 1 , . . . , u n } and take A ∈ Hom(W, W ′ ). Then the subspace
is Lagrangian iff the matrix (A ij ) defined by Aw i = A ij u j is symmetric. Consequently, we have the identification
Now, we fix W such that l(W ) = n. Then w 1 , . . . , w n , u 1 , . . . , u n can be taken to be real vectors, hence
holds. Moreover W A comes form an almost complex structure which makes α the positive hermitian iff ImA ∈ M n (R) is the positive definite symmetric matrix. We define
there is δ > 0 such that l(W t ) = 0 and α(w,w) > 0 for any w ∈ W t \ {0} and 0 < t ≤ δ. Conversely, even if W t satisfies l(W 0 ) = n and
is not necessary to be in T W 0 Lag(V, α) + since the closure of positive definite symmetric matrices contains semi-positive definite symmetric matrices.
topology
In this section we explain the notion of the asymptotically S 1 -equivariant measured Gromov-Hausdorff topology which also appeared in [10] . The following notion is the special case of [8, Definition 4.1].
Definition 6.1. Let G be a compact topological group.
(1) Let (P ′ , d ′ ) and (P, d) be metric spaces with isometric G-action. A map φ :
is said to be the pointed asymptotically G-equivariant measured Gromov-Hausdorff limit of
and Borel ε i -G-equivariant Hausdorff approximation
Here, π : P i → P i /G is the quotient map and x i = π i (p i ).
Convergence
Throughout of this section let (X 2n , ω) be a symplectic manifold, Y n a smooth manifold and µ : X → Y be a smooth surjective map such that µ −1 (y) are smooth compact connected Lagrangian submanifolds for all regular value y ∈ Y . Assume that y 0 ∈ Y is a regular value of µ. Then by [2] [6] [13] , there are open neighborhoods
Therefore, we may suppose
Let (L, ∇) be the prequantum line bundle on (X, ω) and h be a hermitian metric such that ∇h = 0. Since [ω| U ] = 0 ∈ H 2 (U ), then the 1st Chern class of (L, ∇)| U vanishes, hence L| U is trivial as C ∞ complex line bundle by [5, Section 5] .
From now on we consider some covering spaces of U given by the followings. Let Φ : Z n → Z/mZ be a homomorphism of Z-modules. Then Ker Φ is of rank n, hence R n /Ker Φ is diffeomorphic to the n-dimensional torus. Now we have the natural projection
which give a covering space and a covering map
From now on we denote by θ the element of R n /Ker Φ or T n for the simplicity, if there is no fear of confusion. If we take w ∈ Z n then
gives the action of Im Φ on U Φ , which is the deck transformations of p Φ . Proposition 7.1. Let X 0 be a strict m-BS fiber. Then there are surjective homomorphism Φ :
Proof. Since X 0 is the m-BS fiber, one can obtain the flat sectionÊ of
By computing the curvature form of ∇ one obtain dγ = −mω| U = −mdx i ∧dθ i which implies that γ +mx i dθ i is a closed 1-form on U . Denote by α the cohomology class represented by γ + mx i dθ i and let ι : {0} × T n → U be the natural embedding. SinceÊ| x=0 is flat, then one can see that ι * γ = 0 and ι * α = 0. Since ι * :
Then one have
accordingly, by replacing e − √ −1τÊ byÊ, we may suppose
Letp :Ũ = B × R n → B × T n be the universal cover of U . Then there is a nowhere vanishing section E ∈ C ∞ (p * L) such that E ⊗m =p * Ê , consequently we obtain the homomorphism Φ :
holds. Since X 0 is the strict m-BS fiber, Φ is surjective and p Φ is an m-fold covering.
Local description of the complex structures and the metrics.
We assume that an ω-compatible complex structure J on X is given such that
is a frame of P J | U . Moreover the integrability of J gives
Conversely, if a complex matrix valued function A satisfies above properties then we can recover J| U . Therefore, the ω-compatible J complex structure close to P µ is identified with the matrix valued function A on U .
If we put A ij = P ij + √ −1Q ij , where P ij , Q ij ∈ R, and denote by (Q ij ) the inverse of (Q ij ), then one can see
therefore we obtain
Denote by d g the Riemannian distance of a Riemannian metric g. Then
, however, the opposite inequality does not hold in general since the shortest path connecting two points in U need not be included in U . Here we consider the lower estimate of d g J and the upper estimate of d g A .
For a real symmetric positive definite matrix valued function S(x, θ) = (S ij (x, θ)) i,j depending on (x, θ) ∈ U continuously, let λ 1 (x, θ), . . . , λ n (x, θ) be the eigenvalues of S(x, θ). Define
Proof. First of all we show the first equality. If we write
then we may write
Since we have
we can see
Therefore,
, and put
does not hold, then let
Then by (8) we can see
Next we show the second inequality. To show it, we compute the length of two types of paths in
Connecting these two types of paths one can see
Now, we describe Riemannian metricĝ(L| U , J, h, σ, ∇) using the identification (1) in the case of X 0 is a strict m-BS fiber. First of all we consider the connection metric with respect to the pullback of g J and L| U by the covering map p Φ : U Φ → U , which is obtained in Proposition 7.1. We also denote by p Φ : p Φ * L → L| U the lift of the covering map, then the following commutative diagram is obtained;
Φ J be the complex structure on U Φ inherited from U by the covering map. Then one can see
Since p Φ * L is trivial as C ∞ complex line bundle, there is the identification
By Proposition 7.1, the deck transformation of
is identified with
where w 0 ∈ Z n is taken such that Φ(w 0 ) = 1 ∈ Z/mZ. Thus we obtain the next proposition.
Proposition 7.3. Define the Riemannian metricĝ
which is invariant under the Z/mZ action defined by (9) . If X 0 is a strict m-BS fiber, then
Boundedness of the Ricci curvatures.
First of all we compute the Ricci curvature of g J | U . Since ω is the Kähler form on (U, J), it suffices to compute the Ricci form of ω. First of all we can see that
hence ∂θ 1 , . . . , ∂θ n forms the dual frame of Ω 1,0 .
Proposition 7.4. The Kähler form ω| U and the Ricci form ρ ω | U are given by
Proof. Since dx i − A ij dθ j is of type (0, 1), one can see ∂x i = A ij ∂θ j . Then we have
Take f ∈ C ∞ (U ′ , C × ) such that Ω := f ∂θ 1 ∧ · · · ∧ ∂θ n is a nowhere vanishing holomorphic section of the canonical bundle K X | U ′ on some open set U ′ ⊂ U . If we put β = f −1 ∂f , then the Ricci form ρ ω | U ′ is given by
it suffices to compute ∂∂θ i to describe β. Now, we have
Since
, which gives
Moreover, the integrability of J implies
accordingly one can see that
By combining (10), we have
Now the Jacobi's formula yields
therefore, we obtain
which gives the assertion.
Proposition 7.5. Let α be as in Proposition 7.4. Then we have
Proof. Since
the assertion follows from (11) .
From now on we consider the one parameter family of ω-compatible complex structures {J s } 0<s<δ on (X, ω). Then we denote by A(s, ·) the matrix valued function corresponding to J s | U . For simplicity, we often write A = A(s, ·) if there is no fear of confusion. We assume the following condition ♠ for {J s }. Let pr : X × [0, δ) → X be the projection and pr * Lag ω be the pullback bundle.
♠ There is a smooth section P of pr
By assuming ♠, there are a constant K > 0 and
For instance, if {J s } s satisfies ♠, then we may write
Proposition 7.6. Assume that {J s } s satisfies ♠. Put Proof. We have
and
, then by (3) and taking s → 0 we obtain (i).
Next we show (ii). It suffices to discuss the existence of κ such that ρ ω ≥ κω holds. To show it, we write ρ ω = √ −1ρ kl ∂θ k ∧ ∂θ l for ρ kl ∈ R, then we expand ρ kl about s = 0.
We have
where (Q 0,ij ) i,j is the inverse of (Q 0 ij ) i,j . Since
forms the dual basis of ∂θ i , we have
Set H = log det Q 0 ij . We obtain
Put Q = (Q ij ) ij , Q 0 = (Q 0 ij ) ij and Hess θ H = (
∂θ i ∂θ j ) ij , and let √ Q be the symmetric matrix such that √ Q 2 = Q. Since ω = 2 √ −1Q kl ∂θ k ∧ ∂θ l , then ρ ω ≥ κω holds for some κ ∈ R if and only if the eigenvalues of Q −1 (Hess θ H + O C 0 (s)) Q −1 are bounded from the below by a constant. Since
we obtain
Therefore, the existence of the lower bound of the Ricci curvatures of {g Js } is equivalent to
moreover, it is equivalent to Hess θ H ≥ 0. Consequently, H should be constant by the maximum principle.
By the imaginary part of (i), we can see that Q 0 ij dθ j is a closed 1-form on {x} × T n , hence there exists a constantQ ij depends only on x such that
∂θ j holds. Integrating this equality over {x} × T n , we have
which implies that (Q ij ) i,j is a positive definite symmetric matrix. Since
∂θ i holds, one can see that F i dθ i is a closed 1-form on {x} × T n , then by repeating the above argument, there are F (x, ·) ∈ C ∞ ({x} × T n ) and Q i (x) ∈ R such that F i =Q i + ∂F ∂θ i , hence we may write
SinceQ ij can be obtained by integrating Q 0 ij along some cycles of H 1 ({x} × T n , Z), (Q ij ) i,j is also a positive definite symmetric matrix. Now we take another torus T n copy = R n /Z n and the coordinate τ 1 , . . . , τ n coming from R n . Next we regard M x := {x} × T n × T n copy as a complex manifold whose holomorphic coordinate is given by
Define the Kähler formω x on M x byω x := √ −1Q ij (x)dz i ∧ dz j . SinceQ ij is constant on M x , it is a Ricci-flat Kähler metric. Moreover
is also a Ricci-flat Kähler metric since det Q 0 is constant. By the uniqueness of the Ricci-flat Kähler metric in the fixed Kähler class, we obtain Q 0 ij = Q ij .
for 0 < r ≤ R. For the brevity, put
hold for all u, v ∈ S Φ,R . Denote by B g J (p, r) the geodesic ball in (X, g J ) of radius r centered at p, and denote by B g A (p, r) the geodesic ball in (U, g A ). Put 0 := (0, 0) ∈ U, and
The the connection metricĝ A given in Proposition 7.3 is written aŝ
Proposition 7.7.
(iii) Assume that {J s } s satisfies ♠. Then there are constants s 0 > 0, 0 < R 0 < R 2 and C > 0 such that
hold for any 0 < s ≤ s 0 and 0 < R ′ ≤ R 2 .
Proof. 
Then by the first inequality of Proposition 7.2,
holds, hence we have the contradiction.
(ii) Take R 0 > 0 which satisfies the assumption. Let p, p ′ ∈ S R 0 and sup-
Then there is a piecewise smooth path c 2 :
holds, then we can see
by the first inequality of Proposition 7.2. The second inequality of Proposition 7.2 gives
which contradicts the assumption.
(iii) Since we have
by the Hoffman-Wielandt's inequality [11] , there exists s 0 > 0 such that
for all s ≤ s 0 . If we take 0 < R 0 < R 2 such that
then the assumption of (ii) is satisfied for s ≤ s 0 , hence we have
then we can see
Next we consider ω-compatible complex structures J, J ′ , and compare the Riemannian distances of g J and g J ′ . We will show that if g J and g J ′ are close to each other in some sense then their Riemannian distances are also close to each other. Now, we define the distance
Moreover, if g, g ′ are Riemannian metrics on M , then define 
be a piecewise smooth path, and denote by L g (c) be the length of c with respect to g. Since we have
By the symmetry we also have
Therefore, we obtain
Since 1 − e − t 2 ≤ t and e t 2 − 1 ≤ t holds for any 0 ≤ t ≤ 2 log 2, we have the first inequality.
Next we take f ∈ C 0 (M ) and denote by dµ g the Riemannian measure of g. Then we have
holds and |e t − 1| ≤ 2|t| holds for |t| ≤ log 2, we can see Denote by α 1 , . . . , α N be the eigenvalues of g ′ g −1 . Then α i ∈ R and d Sym + (R N ) (g, g ′ ) = max i | log α i |.
Proof. Let
√ g be the square root of g. If we put e i = j √ g
−1 ij
v j , then e 1 , · · · , e N is an orthonormal basis of (R N , g), therefore we have
where λ i are the eigenvalues of
Suppose that X 0 is a strict m-BS fiber and fix a small s > 0 and a frame
. Then the matrix representation ofĝ A is given by
and its inverse is
Suppose that {A(s, ·)} s corresponds to {J s } which satisfies ♠. Fix r ≥ 1. Then there is a constant K > 0 depending only on {A(s, ·)} s such that 
Here we write
gives another family of complex structures {J ′ s } s which satisfies ♠, by (i) of Proposition 7.6. Since we have
. By Lemma 7.9, the eigenvalues of g
−1
A ′ g A are real. If 1 + λ ∈ R is one of the eigenvalues, then
holds. Since we have
there exists a constant K > 0 depending only on {A(s, ·)} s , and there exist c 0 , c 1 , . . . , c 2n ∈ R such that max i |c i | ≤ K and
Lemma 7.10. For any n ∈ Z ≥0 , K > 0 and r ≥ 1 there is a sufficiently large N > 0 depending only on n and K such that for any c 0 , c 1 , . . . , c 2n ∈ [−K, K] and ε > 0, the solution λ of the equation
holds, hence |t| ≤ (2n + 1)K is obtained. Consequently we can see |λ| ≤ max{1, (2n + 1)K}ε.
By Lemma 7.10 we can see | log(1 + λ)| ≤ N √ sr for the eigenvalue 1 + λ of g
A ′ g A , where N is the constant depending only on K. Therefore, we obtain the following proposition by Lemma 7.9. Proposition 7.11. Let A, A ′ be as above and let r ≥ 1, s > 0 with √ sr ≤ R.
Then there exists a constant C > 0 depending only on A such that
From now on we assume R > 0 satisfies
where C is the constant in Proposition 7.11. Then Lemma 7.8 holds for
and for
Proposition 7.12. Let {J s } s satisfy ♠ and A ′ (s, x, θ) := sA 0 (0, θ).
(i) There are positive constants C ′ 0 , C ′ 1 depending only on A 0 (0, ·) and σ such that
for any r ≥ 1 and s > 0 with √ sr ≤ R. (ii) Suppose X 0 is a strict m-BS fiber. Then there are constants C > 0 and 0 < R 0 < R 2 depending only on A and σ such that
holds for any r ≥ 1, s > 0 with √ sr ≤ R 0 and p, q ∈ S √ sr .
(iii) There are positive constants C 0 , C 1 and 0 < R 0 < R 2 depending only on A and σ such that
for any r ≥ 1, s > 0 with √ sr ≤ R 0 .
Proof. (i) Apply Proposition 7.2 for A ′ . Then there are positive constants C 2 , C 3 , C 4 depending only on A 0 (0, ·) and σ such that
for any u = (x, θ) and s > 0. If x < √ sr then
(ii) By applying Proposition 7.11, there is a constant C 5 > 0 such that
, R} and assume √ sr ≤ R 0 , then we may apply Lemma 7.8 and we have
for all u, v ∈ S Φ, √ sr . By the same argument in the proof of Proposition 7.2, we have the upper estimatẽ
where u = (x, θ, e
Therefore, we can see
holds for any 0 < s ≤ s 0 . If we put C = 2C 5 C 6 and
(iii) Take C, s 0 , R 0 as in (iii) of Proposition 7.7 and replace R 0 by the smaller one such that R 0 ≤ √ s 0 . Then we have B g Js (0, Cr) ⊂ U √ sr if √ sr ≤ R 0 . Next we assume u ∈ U √ sr . By (i), we have u ∈ B g A ′ (0, C ′ 1 r).
Consequently we obtain
Proposition 7.13. Let {J s } s satisfy ♠ and A ′ (s, x, θ) := sA 0 (0, θ). There exist constants R 0 , C > 0 such that
is a Borel C √ sr 2 -S 1 -equivariant Hausdorff approximation for any r ≥ 1 and
holds.
Proof. Fix r ≥ 1. Take R 0 , C 0 , C 1 , C ′ 0 , C ′ 1 , C such that Proposition 7.12 holds. We may suppose C > 1 and
Since d g Js is an intrinsic metric, we have
hence we can see that
is a Borel ε i -S 1 -equivariant Hausdorff approximation. Let f : S R → R be a Borel function such that supp(f ) ⊂ S R ′ for some R ′ ≤ R and sup |f | < ∞. Then one can see
by Lemma 7.8 and Proposition 7.11. Since
one can see that µ g A ′ (S R ′ ) = σC ′ (R ′ ) n , which gives the assertion.
Let {J s } s satisfy ♠ and A ′ (s, x, θ) := sA 0 (0, θ). By Proposition 7.6, P 0 ij (0, θ)dθ j is a closed 1-form on T n . Then there are constantsP ij ∈ R such that
we haveP ij =P ji and
If Ric g Js has the lower bound, then by Proposition 7.6 we have Q 0 ij (0, ·) = Q ij ∈ R and
Then F −s is the inverse of F s and
holds. Moreover, we can lift F s tô
One can easy to check thatF s is Z/mZ-equivariant and S 1 -equivariant map, andF * sĝA
Then we may writê
Since K y := 1 + σy · t y is positive definite, it has the inverse and the square root. Accordingly, we havê
Here, we have
y · y = y 2 1 + σ y 2 , and the similar computation as in the proof of Proposition 7.2 gives
we can see that 
is a Riemannian submersion, where
Denote by µ ∞ the measure on R n × S 1 defined by dµ ∞ = dy 1 · · · dy n dt.
Proposition 7.14. Let f ∈ C 0 (R n × S 1 ). Then there is a constant K > 0 depending only on Φ, σ,Θ such that
we have
Now, we put
′ induces the Riemannian metrics on S Φ such that p Φ is local isometry. We also denote byĝ A ′ andF * sĝA ′ , respectively if there is no fear of confusion.
Since φ m,s is Z/mZ-equivariant, we have the following commutative diagram;
where p m is the quotient map defined by p m (y, e 
as s → 0 in the sense of the pointed asymptotically S 1 -equivariant measured Gromov-Hausdorff topology.
Proof. SinceF s is an S 1 -equivariant isometry, it suffices to show that
as s → 0 in the sense of the pointed asymptotically S 1 -equivariant measured Gromov-Hausdorff topology. Sincê
can see that φ s is a Riemannian submersion and the diameters of the fibers φ −1 s (y, t) are at most C s(1 + σ y 2 ), where C > 0 is a constant depending only onP ,Q and Φ, hence the pointed Gromov-Hausdorff convergence follows. Moreover, Proposition 7.14 implies that (φ m,s ) * µF * s hatg A ′ = K √ s n µ ∞ , especially we also have the vague convergence of the measures.
Theorem 7.16. Let {J s } s satisfies ♠ and suppose that there there are constants s 0 > 0 and κ ∈ R such that Ric g Js ≥ κg Js for any 0 < s ≤ s 0 . Put p 0 = p Φ (0, 0, 1) ∈ S(L| U , h). Then the family of pointed metric measure spaces with the isometric S 1 -action
Proof. Put A ′ (s, x, θ) := sA 0 (0, θ). By Proposition 7.13, there exist constants R 0 , C > 0 such that
Cr 2 . Since C √ sr 2 → 0 as s → 0 for any fixed r, therefore,
as s → 0 by Proposition 7.15.
Next we show the vague convergence of the measures. Now the approximation from (S(L, h), d Js , p 0 ) to R n × S 1 , d gm,∞ , (0, 1) is induced by the Z/mZ-equivariant maps ψ s := φ m,s •F −s . Take f ∈ C 0 (R n × S 1 ). Then Proposition 7.14 gives
Note that sup |f •ψ s | ≤ sup |f | < ∞. By the definition of φ m,s , there is r > 0 independent of s such that supp(f • ψ s ) ⊂ S √ sr holds for any 0 < s ≤ s 0 . Then Proposition 7.13 gives some constants C 2 > 0 such that
as s → 0.
The spectral structures on the limit spaces
In this section we consider the metric measure space (R n × S 1 , g m,∞ , µ ∞ ) defined by (12) . Now, note that
, which impliesS is symmetric. Consequently, we can see
Here, by taking the pullback of g m,∞ by the diffeomorphism
we may suppose
and the isometric S 1 -action on (R n × S 1 , g m,∞ ) is given by Then the Laplace operator ∆ m,∞ on (R n × S 1 , g m,∞ , µ ∞ ) is defined such that
where
Let ρ k be the representation of S 1 defined in Section 3, then we have
for k = ml, which corresponds to the limit of
as s → 0. Let (R n , t dy · dy, e −k y 2 dL R n ) be the Gaussian space, where L R n is the Lebesgue measure on R n and denote by ∆ R n ,k the Laplacian of this metric measure space. Note that we have
Then we can see that the following linear isomorphism
and the identification of the operators
Next we construct the eigenfunctions of ∆ R n ,k by the hermitian polynomials. For ξ ∈ R the hermitian polynomials are defined by . . , N n ) ∈ Z ≥0 } is a complete orthonormal system of L 2 (R n , e −k y 2 dL R n ). Thus we have the following theorem.
Theorem 8.1. Let l ∈ Z >0 , k = ml and
Then there is an orthogonal decomposition Let {J s } 0<s≤s 0 be a one parameter family of ω-compatible complex structures, and denote by L g (c) the length of a path c with respect to the Riemannian metric g. We fix p 0 ∈ µ −1 (b 0 ) and assume the followings. Now we can take s N > 0 by ⋆3 such that L g Js (c y ) ≤ 1 N 2 for any 0 < s ≤ s N and y ∈ B N . We can also take 0 < s N,r ≤ s N by ⋆1 such that µ(B g Js (p 0 , r)) ⊂ B N holds for all 0 < s ≤ s N,r . Then we have diamĝ Js (π −1 (c y (0))) ≤ 1 + 3πσ N for all y ∈ µ(B g Js (p 0 , r)) and 0 < s ≤ s N,r . Let u 0 ∈ π −1 (p 0 ). If the sequence {(S(L, h),ĝ Js , u 0 )} s converges to a pointed metric space (S ∞ , d ∞ , u ∞ ) with the isometric S 1 -action as s → 0 in the sense of the pointed asymptotically S 1 -equivariant Gromov-Hausdorff convergence, then the above argument implies that the diameters of the S 1 -orbits in S ∞ are 0. Thus we obtain the following proposition.
Proposition 9.2. Assume ⋆1-3, µ −1 (b 0 ) is not an m-BS fiber for any m, and the sequence {(S(L, h),ĝ Js , u 0 )} s converges to a pointed metric measure space (S ∞ , d ∞ , µ ∞ , u ∞ ) with the isometric S 1 -action as s → 0 in the sense of the pointed asymptotically S 1 -equivariant measured Gromov-Hausdorff convergence. Then the S 1 -action on S ∞ is trivial.
Moreover we have the following result which implies Theorem 1.2 and the latter part of Theorem 1.3.
